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PROBLEM STATEMENT
The net force acting on a sailboat can be obtained by examining each component force separately and then combining them. This project implements vectors in three dimensions and vector addition as well as the concepts of buoyancy, differences in pressure, drag, and fluid dynamics to evaluate the forces on a sailboat. It is important to note that although the results obtained from this project are based on the collegiate FJ sailboat, they can be applied to any sailboat. The collegiate FJ was chosen because it is commonly sailed by college sailing teams, including the University of South Florida's sailing team.
MOTIVATION
Although sailboats have been in existence for thousands of years and lateen sails, the triangular shaped sails that power most modern sailboats, have been in use since medieval times, there is still much to be learned from the interaction of the various forces that allow the sailboat to move forward (Encyclopaedia Britannica, 2015) . Through the understanding of these forces, one not only gains deeper insight into how the forces of the natural world (more specifically the wind) can be harnessed, but also how different physical forces interact in a system. The interaction of these forces can be evaluated using three-dimensional vectors and trigonometric functions learned in Calculus III. In this investigation, the Cartesian coordinate system is used rather than a polar or parametric coordinate system because Cartesian coordinates are more conducive to the computation of the equations in this investigation. Through the implementation of these concepts, the various forces affecting a sailboat can be broken into components, and these components can be combined to obtain the components of the net force. Once the components of the net force are obtained, the net force can be evaluated. This evaluation allows the true motion of the sailboat to be understood and analyzed. This research is beneficial from both an engineering and scientific standpoint. It is beneficial from an engineering standpoint in that it broadens the understanding of a complex system and provides a method for breaking down intricate systems into components that can be evaluated separately and then later combined to obtain the net effect, which can be used to design more efficient systems as well as make existing systems operate more efficiently. From the scientific standpoint, it is beneficial because it creates an increased awareness of the physical world and how the laws of physics interact to produce the motion of a sailboat. This research can be directly applied to improving the design of sailboats, as well as improving the performance of existing sailboats.
MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH
For consistency, the axes will be defined as follows. The positive y-direction is towards the starboard side of the boat (Figure 1 ), the positive x-direction is towards the stern (Figure 1) , and the positive z-direction is upwards. See the appendix of nautical terms.
It is important to note that, when boat-specific values are needed for calculations, the numbers are based upon the collegiate FJ specifications. The collegiate FJ is a commonly sailed two person dingy that is similar to many other two person sailboats on the market. Thus, although 
where is the combined mass of sailboat and sailors and is the acceleration due to gravity (−9.8 / 2 ). The force (1) acts downward in the negative z-direction.
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The buoyant force ( ) acts in the positive z-direction. This makes sense because the sailboat is floating and the buoyant force always acts in the opposite direction of . Therefore, must be both equal and opposite the buoyant force.
Using formula (2), the volume of water displaced by the boat can be calculated. With At this point it is important to note that since and are equal and opposite, they cancel each other out. This is logical because as the sailboat travels through the water it is neither moving upwards nor downwards (since it is assumed to be neither foiling nor sinking).
Therefore, the net force in the z-direction is zero, does not affect the motion of the boat, and will not be discussed further.
For this investigation the force caused by the difference in high and low pressures created by the sails is referred to as the force of the wind, . This stems from the fact that this force results from the interactions between the sails and the wind. Specifically, the force can be explained by Bernoulli's principle because the air particles on the leeward side (in this case the starboard side) of the sail are forced to move faster than the air particles on the windward side (in this case the port side) of the sail since they must cover more distance. Using Bernoulli's equation, as the velocity increases the pressure decreases and as the velocity decreases the pressure increases.
Bernoulli's equation is used to relate this difference in velocity between the two sides of the sail and this difference in pressure between the two sides of the sail. This difference in pressure (caused by the difference in velocity) creates a force that can be denoted by the formula = , where is the change in pressure, is the combined mass of the sailboat and the sailors, is the density of air, and is the distance between the two pressures (Verner E. Suomi Virtual Museum, 1999). In this case, the distance is small because the pressure difference occurs on the opposite sides of the sail, which does not cover much distance. The resultant force is assumed to be at an angle of approximately 45° toward starboard from the bow of the boat. The force is assumed to be towards starboard because the wind is coming over the port side of the boat, causing the high pressure region to be on the port side and the low pressure to be on the starboard side. Therefore, the x-component is in the negative x-direction and denoted by
and the y-component can be denoted by
The resistance force, denoted acts in the positive x-direction and acts counter to the force that acts in the negative x-direction. This force can be related to the force of friction in that it is a resistive force but its characteristics are different from the typical frictional forces because it deals with fluids and it is dependent upon velocity in a non-trivial way. At low speeds, the water flowing along the hull of the boat exhibits laminar flow. In these cases, the resistance is very small, but normally sailboats operate at speeds greater than those required to achieve laminar flow. Therefore, for this investigation, the sailboat's speed will be assumed to exceed the speed needed for laminar flow. This higher speed results in the water experiencing turbulent flow instead of laminar flow, meaning that the motion of the water as it passes the hull of the sailboat is more chaotic. Thus, when calculating the resistance, Reynolds number ( ) must first be obtained using the formula
= ,
where is the velocity, ρ is the density of the water, is the viscosity of the water, and is the length of the boat. The coefficient of friction ( ) can be calculated using
where is Reynolds number (LMNO Engineering, 2008) . Using the obtained from formula (5), one can then calculate using the formula
where is the surface area of the hull that is underwater and is the velocity at which the sailboat is moving through the water.
The sailboat is prevented from excessively slipping sideways by the centerboard. The centerboard protrudes from the hull of the sailboat. It appears to be very narrow when viewed from the bow or stern of the boat such that it adds little resistance to the sailboat's forward motion. However, when viewed from the starboard or port side of the boat, the centerboard appears to be a relatively large plane. It is this plane that provides the resistance that acts in the negative y-direction and partially counters the . This reduces the amount that the sailboat slips sideways. This force, denoted because it is caused by the interaction of the centerboard and the water, can be calculated by
where is the drag coefficient, ρ is the density of the water, is the area of the centerboard, and is the velocity. The drag coefficient, , can be calculated by computing the ratio of the length, L (the distance along the boat covered by the centerboard) to the height, D (the amount the centerboard protrudes from the hull). This ratio is then used to find the value of C. For the purpose of this investigation, the ratio is 4.0, which is a typical ratio for the centerboard of a collegiate FJ. This ratio results in a C value of 1.12. Thus, (7) is given by
The area of the centerboard of a collegiate FJ is about 0.4 square meters. Therefore, To calculate the net force in the x-direction and the net force in the y-direction, vector addition must be used. The net force in the x-direction, denoted , is given by = + Using in the formulas previously discussed for (3) and (6) yields
The net force in the y-direction, denoted , is given by (4) plus (9) = + which can be written
To find the total net force (denoted ), the components (10) and (11) must be combined.
The density of air is known to be 
The values (13) and (14) are applied to equation (12) 
where ℎ = 10 −8 .
The wetted surface area of the sailboat, , is assumed to be 4.80 m 2 and the surface area of the centerboard, , is 0.4 m 2 . Equation (17) 
DISCUSSION
The calculations in this project were made based on a collegiate FJ sailboat and, as discussed previously, a few necessary assumptions were made. However, the principles investigated here are the same for any sailboat, and the same basic calculations can be used to determine and analyze the forces acting on any sailboat.
In (20) this initial acceleration is reasonable, it helps to affirm that the calculations of the force acting on the sailboat are reasonable.
It is also important to note that torques are present in the sailboat system. There is a torque caused by the force of the sail/wind on the mast, a torque caused by the sailors sitting on the edge of the boat, and a torque caused by the centerboard/water interactions discussed previously. The calculation of these torques is beyond the scope of this project as the forces affecting a sailboat can be calculated and understood without complicating matters further by including the torque calculations.
CONCLUSION AND RECOMMENDATIONS
Through the analysis of the forces affecting a sailboat and the interaction between these forces, a greater understanding of the components of the net force on a sailboat is obtained. The role that the centerboard plays in preventing excessive sideways slippage is realized and evaluated resulting in a broadened understanding of the nature of a sailboat's motion. Perhaps the most important point obtained from this research is that sailboats do not travel in a straight line relative to their bow, but rather experience sideways slippage that is not entirely prevented by the centerboard. In addition to this, a method has been developed for calculating the total force on a sailboat. This method can be used to calculate the total force on any sailboat, in any wind speed, with any crew and can thus become a valuable tool for sailors and boat designers alike as it provides a mathematical rationale for techniques and tactics that are already used in competitive sailing. 
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